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Introduction

e Blocking in experimental designs — groups units, controls
variability, may cause confounding

e Multi-stratum / nested designs — analyzed with mixed
models (REML for variances, GLS for treatments)

e Estimation issue — block variance often estimated as zero
even if true value # 0

e Alternative approaches — Bayesian with priors; robust
analysis with minimal assumptions

e Orthogonal block structure (OBS) — clear partition of
variation, independence of treatment vs. block structure
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Introduction

The aim of this presentation is to compare the results obtained
using REML and the direct ANOVA method in the analysis of sugar
beet yield data from a nested block design.
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Introduction

Definition 1. (from Section 2.2 in Houtman and Speed, 1983).

An experiment is said to have the orthogonal block structure
(OBS) if the covariance (dispersion) matrix of the random variables
observed on the experimental units (plots), y = [y1,2,...,yu’, has a
representation of the form

D(y) = 679, + 03¢, + -+ 079,

where the {¢,}, a =1,2,...,t, are known symmetric, idempotent
and pairwise orthogonal matrices, summing to the identity matrix,
the last usually being of the form ¢, =n='1,1.
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Introduction — Nested Block Design

Superblock 1 Superblock 2

e Treatments:
e v — number of treatments (varieties)
e Blocks:

e b =aby — total number of blocks
e k — number of experimental units (plots) per block

e Superblocks:

e a — number of superblocks
e by — number of blocks within each superblock
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A randomization-derived model  (NB design)

y=X17+Xqa+XpB+1n+e, with E(y)=X 7, (1)

y =15, ...y, — nx 1 vector of observations, n = abok

Y= DinY2n- - Ynph)'s no =kbo, h=1,...,a — responses in the h-th superblock
T=[1,T,...,] — fixed treatment effects

a=|a,a,..., 0, — random superblock effects

B=1B1.B%--Bul. Bi=1Bin,---Bpyn)] — random block effects nested in
superblocks

7, e — unit and technical random errors (n x 1)

Xl:[ /ll: 112:"': /la]lv XA:Iu®1n07 XB:diag[XBl:XBZ:"':XBa]

X|1,=r={ry,...,n,] — vector of treatment replications,

X' X| =r% =diag[r,...,n,], r % —inverse diagonal
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randomization-derived model  (NB design)

Random components denoted explicitly:

{0y} — superblock effects, h=1,...,a

{Bj(n)} — block effects nested in superblocks, j = 1,...,bo
{Nejjy } — unit-level errors, £=1,... .k

{eqjjiny } — technical errors

e Zero expectations: E(ay,) = E(Bjn)) = E(Nyjny) =0

Orthogonality among random terms:

COV((Xh,ﬁj<h/)) = COV((Xh, nZ[j(h’)]) =0
COV(Bj(h)ané[j’(h’)]) =0 for all h,h,,j,j/,é,g/

Let where N4, By and Ky denote constants associated with the potential
(pre-randomization) numbers of superblocks, blocks within superblocks,
and units within blocks.
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Covariance structure of random effects

e Superblock effects:

N Y (Ny—1)02, h=W
COV((Xh,(Xh/){ A ( 4 )GA7

~N,'o2, h#£ N
e Block effects within superblocks:
B, (Byu—1)o3, h=H,j=j

Cov(Bjn), By ) = { —By' o2, h="Hnj#j
0, h

e Unit-level errors:
Ky (Ku—1)0}, h=Hj=j =1
Cov (N Nepony)) = § —Ky' 08 h=nj=jL#
0, J(h) #j' ()
2

e Technical errors: {eg[i(h)]} are uncorrelated, zero mean, variance o,
independent of all other terms
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A randomization-derived model (NB design)
Units (plots) — Blocks — Superblocks — Total exp. area

Thus, the observed vector y can be decomposed as

Y=Y1+Y2+y3+ys, wherey, =1y, y2 = 02, y3 = 03y, Y4 = 04y
This allows the expectation vector and the covariance (dispersion) matrix of y to
be written as
EQ) = ¢, Xit+0,Xit+93X17+9,X1T7=X7,
D)=V = 079, +050,+ 0795+ 079,

where the matrices

¢, =1, — k' XpX},

0y =k 'XpXp—ny ' XaX)y, ¢35 =ny ' XaX) —n 1,1,

and ¢, =n"'1,1,

are symmetric, idempotent and pairwise orthogonal, summing to the identity

matrix, and the scalars 67,007,067 and 0 represent the relevant unknown
stratum variances.
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A randomization-derived model  (NB design)

The associated variance components are defined as:
ol = o} + o}
03 =koj+(1—Ky'k)of + o?
07 =noos + (k—By'no)oj + (1 — K 'k) o7 + 62

07 = (ng— Ny 'n)o3 + (k—By'no)op + (1 — Ky 'k) o} + o2

Agnieszka tacka (PULS) NB designs 08 - 11.09.2025



The stratum analysis

Y=Y1 Ty +Y3+Y4
YI=0, Y2=050, Y3=03Y, Y4 =04y

0, = I,—k 'XpX} ¢, =k ' XX —ny ' XaX),
05 = ny'XaXy—n 1,1, 0, =n""1,1,

Cc, = X’1¢1X1:r5—k_1NN’ of rank A
C; = X\¢,X\ =k"'NN' —ny,'MM'  of rank hy
C; = X|¢0:X1=ng MM/—n 0 of rank 3
C, = X\¢,X1=n"'rr of rank 1

M=X\Xy=[ri:ry:-:r,] N=XXp=[N;:Ny:- :N,
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The stratum analysis

Y=Y1 1ty +y3+y4
YI=0, Y2=050, y3=03y, y4=04

0, = I,—k 'XpX} 0, =k 'XpXp—ny ' XaX),

05 = ny'XaX)—n'1,1, ¢, =n""1,1,
St=y'wy/(n—b—hy) Qo =X\0,y
S%:yIWQy/(b_a_hZ) Wa:¢a_¢aX1C&X/]¢a
S3=ywyy/(a—1—h3) a=1,273
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The stratum analysis — ANOVA in strata

Intra-block
Source d.f. Sum of Squares Mean Square F
e MS
Treatments hy SSy=0Q\C;Q, MSy= 9,C O v
I MSg
Residuals n—b—h  SSg=y\wy;  MSg= NV
n—b— h]

Total n—b SSt=y\¢.3:

Inter-block-intra-superblock

MS
Treatments Iy SSy = 0)C;Q,  MSy _o¢C 2 20> v
MSg
yz‘//z)’z

Residuals b—a—hy SSr =Y)¥¥> MSg = P—

Total b—a SST =Y5¢,,

Inter-superblock

5C3 MS
Treatments h3 SSy=05C;0; MSy= M 4
o R MSg
Residuals a—1—hy  SSg=yyWsy3 MSg= %
—l=h;

Total a—1 SST =y303y3
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Direct approach

T=[1,7,.., T,

v
, where . =n"1Y (rit;),
i=1

I,—n"1)t=[t,-t,%—7,...,1,— 1)

(V~1-orthogonal) projector

P

ooy =X (X voix) Xyl

We can decompose the analyzed data vector y into two uncorrelated
parts, as

Y =Py, oy + Un =Py 1))y
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Direct approach

Y =Py, -1y + =Py, 1))y

Under the model (1), with presented properties, the first term of the partition
provides the best linear unbiased estimator (BLUE) of X7, which can be
expressed as

X]T:PXI(V—I)y.

With regard to the second term, it can be seen as the residual vector, giving the
residual sum of squares in the form

e _Px](v—l))y”%/fl = y'(I, _le(v—l))/Vq (In _le(v—l))y
=y i-vix(x\vix) x\vl)y
= y/Vil(In_PXl(V—l))_)ﬂ

with the residual degrees of freedom given by rank(V : X;) —rank(X{) =n—v.
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Direct approach

Also note that, as T =r %X/ X, 1, the BLUE of 7 can be obtained as
t=(X,vIix) " lxvly.

Its covariance (dispersion) matrix then takes the form

D(%) xvx) ' x,vIppyvix(xivx,)!

= (xyvix) ™l
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Direct approach

T, = (I, —n"'1,/)t

H()IT*:O (2)

To verify Hy, the unknown stratum variances O'iz, for i=1,2,3,4 must be
estimated.
Since E{|¢;(I, _PXI(V*I))J’HZ} = o2d!, where d. = tr[¢;(I, =Py 1)),

2

the variances 67 can be estimated by solving the equations

10,1 —Py, 1) I> = 67d. (3)

fori=1,2,3
Assumpion: y ~ N,(X17,V) and, hence T, ~ N,[T.,D(%,)]
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Direct approach (NB design)

V' =06,20, 40,20, +0; 295+ 0, 20,

A desirable simplification can be obtained when the dispersion matrix V is
replaced by the matrix

V=079, +030,+03(Ii— ¢~ 9,).
The inverted matrix V! can be obtained as

V. '=07%0,+0,%0,+0; (I, — ¢, — 9,).
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Direct approach (NB design)

V=V.+(ci-o)n 1,1, and V'=V 4 (0,2~ 0;2)n 1,1,

Now it can be shown that the BLUE of 7, = (I, —n~'1,r)1, i.e.,
to=0,—n"1L,/")E =T, —n "L (X VX)XV Y,
can equivalently be written as
to= (L, —n ") X VX)XV, (4)

where y, = (I, —n~'1,1))y, for which

E(y,) =, —n ', 1))X;t=X(I, —n '1,//)T = X 7, and
Dy,) = (I, —n "1,1,)V.(I, —n"'1,1}).

The dispersion matrix of 7, can be presented as

D(%,) = (I, —n "1,/ (X| VX)) NI, —n~1r1). (5)
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Direct approach (NB design)

Table 2. Analysis of variance for an experiment in an NB design

Source of  Degrees Sum of Mean
Variation of Freedom Squares Square

S _awviely a VI §§v
Treatments v—1 SSy =1, X1V, X1, MSy = =)
Residuals n—vy §§R = 1

AR 0 A B A TR
=n—v

Total n—1 §§T ZyL‘A’;Iy* —

Verification of the hypothesis Hy : T, = 0 will be based on the formulae
presented in Table 2, which correspond to the statistics

~ n-v S5, §S

F=t 22V 2o (6)

v—1n—v v—1

where the estimated mean square has, under Hy, an approximated
x>(v—1,0)/(v—1) distribution.
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Dataset Description

The dataset contains results from sugar beet field trials conducted under the
supervision of COBORU. The data include anonymized experimental designs
from multi-location trials, covering different years and series of experiments.
Total number of experiments: 38
Overview of experimental designs:

Trial (yield) Treatments Superblocks Blocks Units Units/block Series
PDO trials (2022-2023) 18 4 8 72 9 445
2018 R trials 27 3 9 81 9 8
2020 R trials 32-37 3 12 96 8 8
2020 R2 trials 65 3 15 195 13 7
2024 R2 trials 66 3 18 198 11 6
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Dataset Description

Direct approach:

custom R code using the Matrix and matlib packages
max_iter <- 100 (maximum number of iterations)
tolerance <- le-5

Standard approach (R, Ime4 / ImerTest):

Linear mixed model (LMM) fitted with 1mer ()

Estimation method: REML

Significance testing of fixed effects: Kenward—Roger; F-tests
(dropi, test = "F", ddf = "Kenward-Roger")

Model diagnostics: singular fit warning indicated near-zero
variance for one random effect

Computer specifications:

Processor: Intel(R) Core(TM) i7-9750H CPU @ 2.60GHz (6 cores, 12 threads, 2592 MHz)
Installed RAM: 32.0 GB
System model: DELL G5 5590
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Table: Problems encountered with the direct ANOVA approach and
REML in the analysis of nested block design (sugar beet yield data).

Direct approach REML
Cases with problems 1 out of 38 18 out of 38
Type of problem More iterations necessary Singular fit

SUPERBLOCK:BLOCK -8

Detail -
etars SUPERBLOCK — 10
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Table: Results of hypothesis testing at significance level o = 0.05

Direct approach REML
Rejected Hy 38 36
Not rejected Hy 0 2

Table: Problematic cases in the analysis of sugar beet yield data
(nested block design).

Trial (site4) Trt SB B B/SB Units U/B p-DA Sing.  p-REML

2023 PDO 18 4 8 2 72 9 0.048 FALSE 0.11
2020 R 32 3 12 4 96 8 0.030 TRUE 0.23
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Estimated variance compone

Trial o} o3 o7 07 Residual _ SB:Blk SB DIFF
2022 PDO site 1 11.63 0.94 16.57 1 11.04 0.0000  0.3076 0.60
2022 PDO site 3 29.51 5.27 307.82 1 28.13 0.0000 1554 1.38
2023 PDO site 1 7.21 48.57 24.39 1 7.23 3.3356  0.0000  -0.02
2023 PDO site 2 22.03 7.68 158.54 1 21.21 0.0000 7.63 0.82
2023 PDO site 3 56.19 623.60 190.93 1 56.25 4157 0.0000  -0.06
2018 R site 1 180146  3502.64 338422 1 180225  190.91  0.0000  -0.79
2018 R site 3 1808.03 18.30 6751.01 1 1671.01  0.0000 18815  137.02
2018 R site 4 718.35 341475 144125 1 72031 23405  0.0000  -1.96
2018 R site 8 524.19 175123  1306.85 1 524.87 12095  0.0000  -0.68
2020 R site 3 427805  5700.44 376397 1 420504 10058  0.0000  -17.89
2020 R site 4 18714.55 1475407 5431017 1 1833128  0.0000  1124.34  383.27
2020 R site 5 248033 438116  3505.06 1 248464 20699  0.0000  -4.31
2020 R site 7 1872.44 447464 304118 1 187650  279.83  0.0002  -4.06
2020 R2 site 4 5176.24  3339.62  21807.39 1  5060.88  0.0000  257.64 11536
2020 R2 site 7 260854 354045  6467.00 1  2617.82  0.0006  0.0000  80.72
2024 R2 site 4 238220 672874  4879.65 1 238449  367.64  0.0000  -2.20
2024 R2 site 5 1064.74 191330 104484 1 1067.00 6228  0.0000  -2.26
2024 R2 site 6 480648 566193  24314.84 1 480501  84.66 28246 1.47
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tr.

Direct approach

REML

min max median mean min max median mean
18 | 0.010 0.120 0.030 0.044 | 0.030 0.060 0.050 0.049
27 | 0.040 0.450 0.060 0.107 | 0.040 0.070 0.050 0.051
32| 0.080 0.160 0.120 0.121 | 0.040 0.070 0.060 0.057
37| 0.110 0.110 0.110 0.110 | 0.070 0.070 0.070 0.070
65| 0480 1370 0.800 0.813 | 0.090 0.110 0.090 0.099
66 | 0.660 0.880 0.755 0.770 | 0.100 0.110 0.110 0.107
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lterations

Direct approach REML

treatments . . . .
min  max median mean | min  max median mean

18| 7 40 9.00 1511 | 20 31 2400 24.44
27| 9 14 13.00 1243 | 19 33 27.00 26.71
32| 13 24 16.00 16.57 | 18 32 27.00 25.29
37| 14 14 1400 14.00 | 34 34 34.00 34.00
65| 9 26 15.00 1471 | 22 47 34.00 34.43
66 | 12 16 14.00 14.17 | 17 26 23.50 2250
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Concluding remarks

The discovered results concerning the proposed approach to
ANOVA for experiments with orthogonal block structure seem
to be useful.
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Thank you for your attention
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